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The following Proposition is a positive answer to a question about cancellations
between permutations that arises in a model problem in the many body theory of
Fermions. It concerns the mathematically rigorous implementation of the Pauli ex-
clusion principle. See [1], Question 4.1.
Proposition 1. Let (x1, x2, . . . , xn) and (y1, y2, . . . , yn) be two tuples of real numbers.
Give a weight ǫσ to every permutation σ of {1, 2, . . . , n} as follows:
ǫσ =
{
0 if xσ(1) + xσ(2) + · · ·+ xσ(k) < yk for some k ∈ {1, . . . , n}
sign(σ), otherwise
(1)
Then ∑
σ∈Sn
ǫσ ≤
√
n
n
The Propositon is a consequence of the following Theorem.
Theorem 1. Fix a natural number n and set N = {1, 2, . . . , n}. Let f be any function
on the power set P(N) which takes values in [−1, 1] and define g : P(N)→ R by
g(T ) =
∑
σ∈Sk
sign(σ)
k∏
i=1
f({tσ(1), . . . , tσ(i)}) if T = {t1, . . . , tk} with t1 < · · · < tk
(2)
Then
|g(N)| ≤ √nn
To see that the proposition follows from the theorem, choose as f the function
fxy(S) =


1, if
∑
j∈S
xj ≥ y|S|
0, otherwise
(3)
To prove the theorem, we will first need some lemmas.
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Lemma 1.
∀T ∈ P(N) \ ∅ : g(T ) = f(T )
∑
a∈T
g(T \ {a})(−1)|{t∈T,t>a}| (4)
Proof. Let k ∈ N, 0 < k ≤ n be given. Let φ : Sk−1 × {1, . . . , k} → Sk,
φ(σ × a)(i) =


a if i = k
σ(i) if σ(i) < a
σ(i) + 1 if σ(i) ≥ a
(5)
φ is bijective and
sign(φ(σ × a)) = sign(σ)(−1)|{b∈{1,...,k},b>a}| (6)
Replacing
∑
σ∈Sk
with
∑
a∈{1,...,k}
∑
σ∈Sk−1
and σ with φ(σ × a) in (2) yields (4).
Let e1, . . . , en be the canonical basis of R
n. For k ∈ N, 0 ≤ k ≤ n, S ⊂ N ,
S = {s1, . . . , sk}, s1 < · · · < sk let
δS = es1 ∧ · · · ∧ esk ∈
k∧
R
n (7)
Let V =
n⊕
k=0
∧k
R
n.
The standard scalar product 〈·, ·〉 on V is defined such that {δS, S ∈ P(N), |S| = k}
is an orthonormal basis of
∧k
R
n and {δS, S ∈ P(N)} is an orthonormal basis of V .
Let P ∈ End(V ) be the linear map with P (δS) = f(S)δS.
For k ∈ N, 0 ≤ k ≤ n, let Gk = {S ∈ P(N), |S| = k}.
Let α = 1√
n
(δ{1} + · · ·+ δ{n}).
Let R ∈ End(V ), ϕ 7→ ϕ ∧ α be the multiplication with α.
Identify
∧k
R
n with RGk using
δS(T ) =
{
1 if S = T
0 if S 6= T (8)
Using this identification, we have g|Gk ∈
∧k
R
n.
(4) is equivalent to
g|Gk =
√
n(P (R(g|Gk−1))) (9)
Lemma 2. For all v1, . . . , vk, w1, . . . , wk ∈ Rn:
〈v1 ∧ · · · ∧ vk, w1 ∧ · · · ∧ wk〉 = det((〈vi, wj〉)ij) (10)
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Proof. For each i, 1 ≤ i ≤ k, both sides of the equation are linear in vi and in wi.
The equation holds when v1, . . . , vk, w1, . . . , wk ∈ {e1, . . . , en}. Therefore, it holds for
all v1, . . . , vk, w1, . . . , wk ∈ Rn.
Proof of the Theorem. From (9), it follows that g(N)δN =
√
n
n
(P ◦R)nδ∅. Therefore,
using submultiplicativity of the operator norm: |g(N)| ≤ √nn(|P |op|R|op)n.
|P |op ≤ 1 follows directly from the definition.
Let R∗ be the adjoint of R. Choose an orthonormal basis of Rn which contains α
(noting that |α| = 1) and expand it to a basis of V like in (7). This expanded basis
is orthonormal because of (10), therefore R∗ ◦R is the projection onto
{ϕ ∈ V, ϕ ∧ α = 0}⊥, therefore |R|op ≤ 1.
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